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The section method
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Construction of a Fibonacci sequence

Internal space A

d, =d$ +d;

O,
d, = dj + di, m#

. Uy, 00%
@ '1 g m.; A!k‘)
aj

./ Q‘Iag,“lrﬁ

Length: square lattice:
/ 2
1 —= b+ Q tan6 =1/t

J




International School on Aperiodic Crystals 26 Sept. - 2 Oct. 2010, La Valérane Carqueiranne, France

Diffraction pattern of the Fibonacci sequence

Internal space
d; =di°+d;’
d; = d3° + d3’ I

h = hd® + kd

h k : Miller indices

. h = h® +h'
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Direct space Reciprocal space

Fourier
transform

2D crystal <P 2D reciprocal lattice

Structure Diffraction pattern
1D section of Projection onto 1D
the 2D crystal ., along the other 1D.

transform
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Diffraction symmetry
&
Space groups of d-QC’s
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Diffraction patterns of a decagonal quasicrystal
2

Y. iyl d-Al;5 oNiy, gRU4q 5
R P EERL ‘ a=0.2764 nm
. oW AN 820 - - v ¢ =1.6523 nm
h1h2h3h40

reciprocal lattice plane

di®
d5°
dye ¥
d;*
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hihohohihs

No reflection condition Reflection condition:
hs =2n for hihghohihs

N\ J
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~

along between
d:e
All reflecti be indexed with di© t
reflections can be indexed wi 1
five integer using these unit vectors. @ d;*
d;e *€

i 10
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Feature of the diffraction pattern
of the d-AIN1Ru QC

(D1on)

Order : 40

10/mmm

Rotational symmetry

hs =2n for hyhohohyhs

]
v

(Hyper-) glide plane

{o’|t(c")}

Non-primitive translation vector

J
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Decagonal space groups 1in 5D space
with highest symmetries

Point group | Space group | Special reflection condition

P10/mmm No condition
P10/mcc hs = 2n for 11,111.2];:2_1;,111.5 along
10/ mmm" hs = 2n for hihohsh,hs between

[Pl();, /mmec hs = 2n for h.lh,gﬁgiilh.,r,] between

P105/mem hs = 2n for hihohohihs along

* The order of the point group is 40.

There are 34 decagonal non-equivalent space groups.

International School on Aperiodic Crystals 26 Sept. - 2 Oct. 2010, La Valérane Carqueiranne, France

Cf. D.A.Rabson et al., Rev. Mod. Phys. 63 (1990) 699-738.)
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Possible space groups of the d-AIN1Ru QC

20

40

@ 10mm  (Ciov)

\
’ \ —_— .
‘\ >o</ | 10m2  (Dsn)

/é‘ (DIOh.:

i—@=—i 10/mmm

P105mc O
P10m2 x

P105/mme O
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What to Remember

Diffraction patterns of d-QC’s can
be indexed with five integers.

- Reciprocal lattice in 5D space

I
\4

Crystal in 5D space

A
( Sexa” )

Z [N

14
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Unit vectors 1n decagonal
system

15



A flowchart representing a process
for determining the unit vectors of d-QC’s

Point group symmetry [ Diffraction pattern ]

l d:e Indexing

Special reflection | 5 indices: hy hy hs ha hs
conditions 5D reciprocal lattice . x
(Extinction rules) l Lattice constants: a™, ¢
5
Unit vectors in d; = ~7;_-laj d; =d;° + d’zf‘i
5D reciprocal space = J
5
Unit vectors in d — M. .a. d; =dt+ d
5D direct space ‘ Zl W= ’ g ¢
J:

International School on Aperiodic Crystals 26 Sept. - 2 Oct. 2010, La Valérane Carqueiranne, France

16



International School on Aperiodic Crystals 26 Sept. - 2 Oct. 2010, La Valérane Carqueiranne, France

Unit vectors in 5D reciprocal space

d¥ (i =1,2,...,5) : unitreciprocal lattice vectors

aj, as, as, a4,as : orthonormal base vectors

aj,az,as az, 4

al, agz

((.‘.1 S1 Cz2 So 0 \

S . ) 0" Co Sy C4 S84 0
d: = ZM"; aj A-fwl = \/: C3 83 C1 81 0
j=1 v Cs Sa C3 83 0
\ 0 0 0 0 V5c/a* )
* *e *1
A= ar =
¢; = cos(2mj/5), s; = sin(2mj/5)
a*, c* : lattice constants (j=1,2,...,5)

_J
% i
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external space.

*e
d;

*e
d3

Projections of the unit vectors d;

Yy y
A Ao A Ay .
- internal space.
dTe d*i
3
*1
2n/5 1 An/5
> > : >
dz® a dy as

' a“
d:e

R =0 =g = =

4

For Indexing
a” : . a* -
d:c = [Cia1 + S;ag d:l = [(22,'8.3 + S9;A4
{ i 51.2.3.‘1} [ v il.‘2.3.4}

J

k
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Unit vectors 1n 5D direct space

Reciprocal lattice vectors Direct lattice vectors

d (i=1,2,...,5) =P d; (i=1,2,...,5)

/ c1—1 81 c2—1 59 0 \
5 2 Co — 1 S92 C4 — 1 S4 0
d'i = Z Mz A M= — c3—1 83 c¢1—1 8 0
J=J \/F
j=1 J Cq — 1 Sq4 C3 — 1 S3 0
\ 0 0 0 0 V5c/(2) )

¢; = cos(2mj/5), s; = sin(275/5)
a, C :lattice constants (=1,2,3,4)

m=l/a, e=llec"

B ;
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Projections of the unit vectors d;

external space. as internal space. ay
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Vectors for specifying atom positions
in the 2D external space

2n/5
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Vectors employed for defining
occupation domains 1n the internal space

di = 22 [(cai — 1)ag + szeau] :> A

R Cs — S9; i:—ci S99,

\/5 21 3 2;a44 \/5 2;43 2144
l=1’2’3,4 l=1,2,3,4

% ;
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Similarity transformation

Choice of d;k is not unique.

SHES N (kP

Thecase m = 1

N\ d, d; i i

0 1 0 -1 0]
0 1 1 -1 0 det(S) =1
S=]-1 1 1 0 0 B
-1 0 1 -1 0 g S
1 0o 0 0 0 1

1 3
SIS A
b
’ 327—14_ 34 pA ]
x'e 1 d*e d*i

¥

J
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What to Remember
21t/5 2 47/
2 T 1 70/ Reciprocal space

d; =d;®+d;
i=1,2,3,4

Direct space

e i
d; =d; +d;
i=1,2.34

4
ef =d; — >, ,d;/5
e, =dj— >, d/5
i=1,2,3,4

24
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* The first four vectors, d; (i =1,2,3,4),
are relevant to the quasi-periodic plane of d-QC.
« Choice of a™ is not unique.

* A similarity transformation does not change the
size of the 5D unit cell, but changes the scale of
the projected vectors in the external and internal
spaces.
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Description of d-QC
structures

¥

26
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D-QC structure

* Periodic stacking of atom planes along the 10-fold axis.
« Each plane has a quasiperiodic atomic order.

=P A decorated Penrose tiling with atoms
would give an example of such atomic plane.

% g
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Penrose tiling

~

-~ - a - ——.
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Decoration of the Penrose tiling with atoms

Edge length
2a

:' a SW § '.«:
PR & Faw >

Vertex decoration

\
\
J
\
)
J

29



International School on Aperiodic Crystals 26 Sept. - 2 Oct. 2010, La Valérane Carqueiranne, France

[

Diffraction pattern of the Penrose tiling

R RPTR DTy Similar to 1 hahaha0

Led
. .. .0 . : .‘-.'..‘ 'n o.... -....O . 0.’} 0. . plane Of real d'QC

o - ® 2 e S 9 -e
.' ‘.. ..- -. C‘ '.. .‘ .. ..' -.. -‘ -‘
( FOERCETY MY NN TR R oo-‘o-o-
-.' 2 .-. .-...o:-..."-'..o.o...o.a o:...‘....: ™
.u..l......I..'.... .. .".‘.....‘l.'...o'
. . . » L .. .
-9 . . ®

. T B oam® *€
....-..o ® o.o
. » .o

.o -.o:.o'-o.'..-- 1

d*e
Vertex decoration with point scatters 4

\
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Construction of the Penrose tiling

Occupation domains:

aj

A B C D
BLED GEED GRED (i

The 4D unitcell: d; (2 = 1,2, 3,4)

. . 2a .
Lattice constant: a. e = —r[cm-ag + 82;a4.
)

7
i=1,2,34

% :
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2D section of 4D structure
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Projection of the 4D unit cell onto
the 2D 1nternal space

—
Ot
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Generalized Penrose tiling

- o OO0

\ S
- Q Q/\\J /\ f\ .

SIGIORe

S
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Point density

% ;
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* The point density is the number of vertices per
unit area (or volume) of a tiling.

* Because the density of QC’s is a fundamental
quantity, therefore it has to be explained by their
models.

* The density calculations are based on the fact
that an OD at some lattice point 71 intersects the
external space at a point and the set of all
possible cross points covers the OD
homogeneously.

X /

N %
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Point density calculation
. : . )  — n .. .
Unit vectors of the nD lattice: dz — ijl M’L] a;
The unit-cell volume: QO — det ‘M‘
Sum of the area (volume) Qi
of the OD’s :
Nl
Point density: Ppd = 2/
J

37
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Point density of the primitive 4D decagonal
lattice

d; (j=1,2,3,4)

The unit-cell volume: 'QO — det |M| — 4\/5(1,4

Area of the unit cell :
1 3 .- 2
in the internal space: 0O 4T sm(7r/5)a

Point density: po = £25/2% = T3 sin(n/5)/(v/5a?)
> .
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Point density of the Penrose tiling

D¢

Point density Area of the occupation domains

Ppd & sz [21/

= 2} = 27 sin(w/5)a®
, = 0} = 720

Point density: Ppd = PO Z,/ -Q:// ol bln(ﬂ/5)/“

% ;
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Scaling of a tiling
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4 N

Scale =t-1 4,
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Position
:(0,0,0,0)

42
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Simple models of d-QC’s

B "
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Feature of stimple models

Simple models

based on the Penrose tiling.

explain diffraction intensity qualitatively.

e consider no atom shifts from ideal positions.
can’'t explain density.
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Modified AI-Mn model

A.Yamamoto & K.N. Ishihara, Acta Cryst. (1988). A44, 707-714.

~

>

" A
nl | C
P105/mme " LY/
o (B | )
o o \—
Al-Mn: 6 layers . "
Lt C >
# T ( B ‘
(B4 A n— —\
C 51 [4) C)
B 12
| - | |
111k 2222 3333 4444
55565 55565 55565 55565

Ty o T3 I

J

52
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P10sme

Al-Fe: 8 layers

(B+ D;
C
(B+ D;
C
(A+ C)
B
(A+C)
B

Modified Al-Fe model

Ts A A.Yamamoto & K.N. Ishihara, Acta Cryst. (1988). Ad44, 707-714.
15 | B D
16 \ ) | ,
16 C
1| / \
16 \ B ] D
9 | JPRAN
7 |1 A\
6] 4 | C)
5 | /o \
5 B |
3| JPRAN
16 . A C
1 =3
i i i i >
1111 2222 3333 4444 T, Ty T3 Tq
5555 5556 5555 5555 -0

~N

J

N
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Symmetry & Space group of d-QC’s
1n a little more details

B y
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Symmetry of d-QC’s

« Symmetry reflected in diffraction patterns is that of 5D

crystals.

« If a 5D crystal has a (hyper-) glide plane or (hyper-)

screw axis, it cause a systematic extinction of reflections.

* Rotational symmetry <+— Diffraction symmetry

o Non_primitive translation € Reflection conditions

~

95
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* In many cases, OD'’s are located at the special
position of the space group.

 Those OD'’s are invariant under the site-
symmetry group, which is a subgroup of the
point group of the space group.

* The site symmetry restricts the shape of the OD,
since the shape has to be invariant under the
site-symmetry group.

5 56
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Decagonal point groups

Order Order

o Se& 40 1022

R4
.....

10m2 ° V2 1‘5;2\‘) 20 10/m v /QZ>\ 20
W YV GV

10mm - V @ 20 i v’ /<;7>\ 10
A/




{ l ! ! O | 1
f'lqn
,,,,,,,,
I 4|
P10 t fyhighiahyl Wserm fag = Qo lor hyliglgliy
l { Pl ol 1 { | J
I»
| 10 J
1 )
I ) |
1) ) |

\ Cf. D.A.Rabson et al., Rev. Mod. Phys. 63 (1990) 699_73&)
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Space group P10;/mmec

Similar to P63/mmec

Point group : 10/mmm (Dl()h)
Generators :

* tenfold screw : {Clo|t(010)}

- glide plane : {U'|t(a’)}

* inversion : {110}

+ lattice translations :  {E/|d;}, (2=1,2,3,4;5)

t(Clo) — t(O’I) —

d5 C Ay

2 2 )

59
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Matrix representation of the generators
of 5D space group P10;/mmc

0 0 0 -1 0]
1 1 1 1 0
R(Cy) = | -1 0O 0 0 0
(hyper-) screw 0O -1 0 0 0
{C10]00001} L 0 0 0 0 1]
0 0 0 -1 0]
0 0 -1 0 0
hyper-) glide plane Ro')=] 0 -1 0 0 O
(hyper-) glide p R
{c'|00003} 0 0 0 0 1
-1 0 0 0 0]
0 -1 0 0 0
RIO)=| 0 0 -1 0 0
0 0 0 -1 0
0 0 0 0 -1

% -
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C,, and its action

mt/5
£—_ rotation
d*e —dge
2
dze —dze

0 0 0 -1 0
1 1 1
RCw)=| -1 0 0 0 0
0 -1 0 0 0

—
-

o 0 0 0 1

% .
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o' and 1ts action

*€
d;

dz°
o' o'
0 0 0 -1 0]
0 0 -1 0 0
R(o') = 0 -1 0 0 0
-1 0 0 0 0
0o 0 0 0 1

% ;
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What to Remember

A Vector in the external or internal
space is transformed into a vector In

the same space by a symmetry
operation.
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-

Cluster based models of

d-QC’s

¥

64
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Cluster based model of QC’s

First applied to

icosahedral quasicrystals by

A.Yamamoto and K. Hiraga, ‘Structure of an icosahedral Al-Mn
quasicrystal’, Physical Review B, 37 (1988) 6207-6214.

—P model + structure refinement

decagonal quasicrystals by

S. E. Burkov, ‘Structure model of the Al-Cu-Co decagonal
quasicrystal’, Phys. Rev. Lett. 67 (1991) 614-617.

—P model, no refinement

65
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Feature of the Burkov model

» Space group P105/mmc

'wo layered structure

'wo types of atom clusters:

decagon and pentagon

= 2 nm 10-fold atomic cluster

=P 1.2 nm cluster linkage

66
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(

Structure model of d-Al-Cu-Co by Burkov

575757574/ 575757574/

ees e

o* %

L ] e o L ]
® o 00 o @ ® b
w @ E) o ® °
e s 0 es o e o o o
® © ) = * ©
® ° o0 o o @ °
o e o o

o, °®

'R

(0,0,0,0;
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2 nm cluster 1n the Burkov model
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Feature of the Yamamoto 2nm model

» Space group P105/mmc

* Two layered structure

* Three types of atom clusters:

decagon, pentagon, and star

= 2 nm 10-fold atomic cluster

=P 2 nm cluster linkage

Pentagonal Penrose tiling

B .
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4 )

Yamamoto’'s 2 nm cluster model
A.Yamamoto, Sci. Rep. RITU. (1996). A42, 207-212.
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Construction of cluster based model

tef = Fel+d; 5 ,di/5

/.d,-zd‘;'+di,- )

| gD
e;=d;— ), d;/5

e ef+el = df+di-YL,(df/5+di/5)

k = d;—- Z}1=1d1/5 /

ef = —e +d;— Z?=1d1/5
= —eil ~+ %dl = %dg — %dg = %d4

_eil = Z?=1d1/5

% ,
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Refined structure of d-Al.,Ni,,Coq QC

Space group P10/mmc

D/

(5’5’5’5’4) (5’5’5’5’4)

H.Takakura, A.Yamamoto, A.P.Tsai, Acta Cryst. (2001). A57, 576-585.
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-

Structure-tactor formula

for QC’s

¥
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F(h)

{Structure factor formula}

=) ) fHh°)p*exp{—B*(b°)?/4}
b {R|t}#

x exp{2mih-(Rr* +t)} F{' (R 'h)

K . Independent occupation domain

5 Symmetry operators of space group which generate
{th} - equivalent occupation domains in a unit cell from the
independent occupation domain u

79
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Provided that the occupation domain consists of v
independent triangles (or tetrahedra), it is given by

v

F§(h)=) ) Fgi(R™'h)

=1 R

R/ : Rotational part of site-symmetry operator

% ;
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;

r

Fourier integral of a triangle

FH (h) = v [ql {exp(iq2) _ 1} _ q2{exp(iq1) B 1}]
o q192(q1 — q2)

V = le x €],

g; =2me}-h' (j=1,2).

Asymmetric part €1

~

SEx3

81
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4 )
Fourier integral of a tetrahedron

q2q3q4 exp(iq1) + q3q1q5 exp(iq2) + q192q6 exp(iqs) + q4q596
4192939149596

Fli(h) = —iV

g = 27h' oe; (7 =1;2:.3);
di= 42 —9493s G5=4q43—q1s Y6 = q1.— 42;

V=6 [e; x e}

Asymmetric part j

% ;
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Structural parameters for QC’s

*Position el ol el
ADP . 2 |

*Occupancy ° e
Ratio of elements

for [tth occupation domain

Asymmetric parts

It is assumed that the shape of the OD’s is known.
One of the difficult problems of the structure determination
Is to determine the size and shape of OD’s.

AN y

(N7

L =
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