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Structure factor and diffraction pattern
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where is  of undisplaced position.
The displaced position has 
Contribution of an interval  to the Fourier 
coefficient :
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The integral can be calculated by Gaussian method. 
An older way uses analytical method with Bessel functions.
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 The analytical 
calculation shows clearly relationship between modulation waves and 
diffraction pattern.

(de Wolff, Acta Cryst. A30,777)



Positional modulation with a simple harmonic wave
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Contribution from atom at      (form factors corrected for temperature movement)
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Jacobi - Anger expansion :

In our case 
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Contribution of atom  to the structure factor for 3d crystal :

This function h
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Contribution of atom  to the structure factor in case of simple harmonic modulation :
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This occurs if
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Contribution of atom  to the reflection :
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where  is result of summation over .
Conclusions :
1. One harmonic wave generates satellites up to the "infinite" order.
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Simulation of a simple longitudinal modulation
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We shall show how the simulated diffraction pattern depends on the modulation 
amplitude, i.e. Ux, and that with a large amplitude we can see higher order 
satellites generated with the first modulation wave.
The cos term can be replaced by sin term used in the previous calculations. 
This would only shift the figures.



Positional modulation longitudinal
1st harmonic 0.1Å

Modulation function
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Positional modulation longitudinal
1st harmonic 0.1Å

Fourier map



Positional modulation longitudinal
1st harmonic 0.1Å
Diffraction pattern



Positional modulation longitudinal
1st harmonic 0.5Å

Modulation function
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Positional modulation longitudinal
1st harmonic 0.5Å

Fourier map



Positional modulation longitudinal
1st harmonic 0.5Å
Diffraction pattern



The atom is displaced from its basic position by a periodic modulation function that 
can be expressed as a Fourier expansion. In the first approximation intensities of 
satellites reflections up to order m are determined by modulation waves of the 
same order. 

( ) ( ) ( )4 , 4 , 4
1 1

sin 2 cos 2
m m

s n c n
n n

x nx nxπ π
= =

= +

= +∑ ∑

r r u

u U U

Basic position 
x 

average position

The same fractional 
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and a3.

e=A4

Basic 
position

Parameters for position modulation



What can be modulated (in Jana2006)

positions of individual atoms

positions of rigid bodies

ADP of individual atoms (harmonic or anharmonic)

Displacement parameters of rigid bodies -TLS tenzors (harmonic or anharmonic)

occupation of individual atoms

occupation of rigid bodies

magnetic moments



Jana2006
Program for structure analysis of crystals periodic in three or more dimensions 
from diffraction data

Václav Petříček, Michal Dušek & Lukáš Palatinus
Institute of Physics, Prague, Czech Republic

1980 SDS: Program for solution and refinement of 3d structures

1984 Jana : Refinement program for modulated structures

1996 Jana96: Modulated and 3d structures in one program. Graphical interface 
for DOS and UNIX X11.

1998 Jana98 :Improved Jana96. First widely used version. Graphical interface 
for DOS, DOS emulation and UNIX X11

2000 Jana2000: Support for powder data and multiphase refinement. Graphical 
interface for Win32 and UNIX X11.

2006 Jana2006: Combination of data sources, magnetic structures, TOF data. 
Dynamical allocation of memory. Only for Windows.



Institute of Physics, Prague 6, Cukrovarnická street



Data input

Single crystal data of one 
or more domainsOR

X-rays OR neutrons OR electrons

Powder data of one or 
more phases

Import Wizard

Data Repository

Format conversion, cell transformation, 
sorting reflections to twin domains



M95 + M50

M90, M41 

M40

Determining symmetry, merging symmetry equivalent reflections, absorption correction
Refinement of powder profile parameters

Solution (by calling external programs)

Refinement
Transformation
Introduction of twinning
Change of symmetry

M95 data repository
M90 refinement reflection 

file
M50 basic crystal 

information, form 
factors, program 
options

M40 structure model
Plotting, geometry parameters, Fourier maps ….

Program Scheme
Reading of one or more data sets



Topics covered by Jana2006
Service crystallography
Advanced tools
Incommensurate structures
Commensurate structures
Composite structures
Magnetic structures

Jana2006 is still old fashioned: written in Fortran; not using external libraries (except 
basic graphics); not written by a team of programmers → flexibility

NOT included in Jana2006:

Phase problem solution: calls SIR97,2000,2004; EXPO, EXPO2004, Superflip
Plotting: calls Diamond, Vesta, MC (marching cube) and other plotting software
Validations and geometry analysis: relies on Platon



Where to start?



Two ways how to solve modulated structure

e=A4

Basic 
position

1. Through average structure solved from main reflections. The modulation 
is then refined from small arbitrary displacements

2. Directly using charge flipping. It yields 3+d electron density map which can 
be interpreted in terms of basic positions and their modulations



Simple example: δ-Na2CO3 solved by classical way

Average structure from main 
reflections

Arbitrary displacement for the 
first position modulation wave for 
all atoms

More  position modulation waves 
for all atoms

ADP modulation

← this launches Jana2006

AlphaBetaGammaDelta

Alpha
9.02, 5.21, 6.50
90, 90, 90
P63/mmm

Beta
8.98, 5.25, 6.21
90, 90.33, 90
C2/m

Gamma
8.92, 5.25, 6.05
90, 101.35, 90
C2/m(α0γ)
q=(0.182,0,0.322)

Delta
8.90, 5.24, 6.00
90, 101.87, 90
C2/m(α0γ)
q=(1/6,0,1/3)

757K 628K 170K

Change of rotation symmetry 
Change of translation symmetry 



Verification of results from Fourier maps

e=A4

Basic 
position

The A3 – A4 sections show modulation functions.

The A3 – A3 sections show periodicity and symmetry.

The R3 – R3 sections show real space electron density.



Jana notation: A1=x1, A2=x2, A3=x3, A4=x4 

A3 – A3 sections 



A3 – A3 sections 



x2 = 0.19

x1 between 0.97 
and 1.03

A3 – A3 sections 



A3 – A4 sections 



The difference between A3 – A3 and R3-R3

A3-A3 sections show periodicity. Geometry is distorted.



The difference between A3 – A3 and R3-R3

R3-R3 sections show proper geometry. Periodicity is broken.



How Fourier works for δ-Na2CO3 ; what does it say about number of modulation 
waves and about modulation of ADP?

← this launches Jana2006

This will calculate a 
parallelepiped 1x2x1 Å 
centered at the basic 
position of Na3. 

The two dimensional 
sections x2-x4 will be 
stacked along x1 and 
x3. 

The number of 
sections will be 1/0.02 
along x1 and 1/0.02 
along x3.

The physical 
dimension of the plot 
along x4 will be 2 Å



Carbon with eight position 
modulation waves. This causes also 
problem with ADP modulation. 

Sodium (Na3) without (left) and with 
modulation of ADP. Contour step 0.1



e=A4

Basic position

0

-aq

-a2q

-a3q

Changing t by naq shifts origin by n unit cells. This can be used to visualize 
modulated structure from cell to cell.

Distances and t-plots



t=0

t=1

Changing t from 0 to 1 can be used to 
visualize all possible (but not 
neighboring) configurations of 
modulated structure.

Applications:

“Animated” Fourier sections

“Animated” plots of the structure

Graphical representation of modulated 

parameters (so-called t-plots)

Calculation of distances

Examples with sodium carbonate:

← this launches Jana2006



Coordination of As in KAsF4(OH)2

(logo Jana2006) 



Natural melilite from San Venanzo, Umbria, Italy
Formula: (Ca1.89Sr0.01Na0.08K0.02)(Mg0.92Al0.08)(Si1.98Al0.02)O7



Chromium diphosphate

Beta
6.97, 8.45, 4.60
90, 107.90, 90
C2/m

Alpha3
7.05, 8.41, 4.64
90, 108.71, 90
C2/m(α0γ)0s 
q=(-1,0,0.5)

Alpha2
7.02, 8.40, 4.62
90, 108.59, 90
C2/m(α0γ)0s
q=(0.361,0,-0.471)

Alpha1
7.05, 8.41, 4.64
90, 108.71, 90
C2/m(α0γ)
q=(-1/3,0,1/2)

364K 345K 285K

In case of Cr2P2O7 no change of 
rotation symmetry occurs. The phases 
alpha1, alpha2 and alpha3 represent 
various ways how to resolve the 
disorder observed in the phase beta. 

BetaAlpha3Alpha2Alpha1

Lukas Palatinus et al., Acta Cryst. (2006). B62, 
556–566



Solution of chromium diphosphate by Charge flipping 

Bridging oxygen from charge flipping       refined with three position modulation waves

← this launches Jana2006



Definition of crenel function from 
Fourier map

Crenel function combined with 
modulation of position 

Crenel function describes definition interval for an atom. Crenel reduces 
occupancy but two crenel functions may together describe full occupancy.

For combining crenel function with position modulations Jana2006 uses Legendre 
polynomials

Crenel function



Cell 1 

Cell 7 

Cell 13 

Modulated structure of Cr2P2O7 expanded in the c direction



TaGe0.354Te – Acta Cryst.,B52, 100, (1996).

Average 
structure

Crenel 
occupation 
modulation

Crenel 
occupation 
modulation and 
harmonic 
positional 
modulation



Sawtooth function

x2=0.660,x3=0.072

-0.30 -0.10 0.10 0.30x1

0.0

0.4

0.8
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2.0

x4

Bi2Sr2CaCu2O8

V.Petříček, Y.Gao, P.Lee & P.Coppens, 
Phys.Rew.B, 42, 387-392, (1990) 

Oxygen atom at Bi layer

Relationship to composite 
structures



Commensurate structures Example of a six-fold 
commensurate structure

Superspace description: 4d cell, 
atomic position + modulation 
function, superspace symmetry

Supercell description: 3d six-fold 
supercell, atomic positions in six 
cells, 3d symmetry

Both descriptions are equivalent. 

Origin of R3 section may influence 
symmetry in the supercell. 

Superspace Supercell

This angle 
follows from 
q-vector 

Exact intersection

Gamma-Na2CO3
8.92, 5.25, 6.05
90, 101.35, 90
C2/m(α0γ)
q=(0.182,0,0.322)

Delta-Na2CO3
8.90, 5.24, 6.00
90, 101.87, 90
C2/m(α0γ)
q=(1/6,0,1/3)

170K



Tools: commensurate refinement

The Commensurate Tool:
• Toggles incommensurate/commensurate refinement
• Defines the supercell for commensurate refinement
• Helps with setting of t-zero

Delta-Na2CO3
8.90, 5.24, 6.00
90, 101.87, 90
C2/m(α0γ)
q=(1/6,0,1/3)

For given t-zero the 
program automatically 
determines which 
symmetry operators from 
the incommensurate 
structure can be used in 
the commensurate 
refinement.  

Show supercell group
Displays P21/a with origin 
at 0.125, 0.25, 0

Select its origin
Displays table of origin
positions for space group 
P21/a when various 
t-zero are selected

Select supercell group



Commensurate families
Commensurate family can be derived from the parent incommensurate structure by 
changing q-vector and t-zero. By this way we can relate three-dimensional structures 
which are at the first glance very different. 

Example: M2P2O7 diphosphates are derived from the parent phase alpha2. 

Alpha2-Cr2P2O7
7.02, 8.40, 4.62
90, 108.59, 90
C2/m(α0γ)0s
q=(0.361,0,-0.471)

Alpha1-Cr2P2O7
7.05, 8.41, 4.64
90, 108.71, 90
C2/m(α0γ)
q=(-1/3,0,1/2)

285K

Metal (II) q-vector t-zero space group in the 
supercell

Cr, Zn (-⅓, 0, ½) 0 I2/c

Co, Mg, Ni (½, 0, ½) ⅛ B21/c

Cu (0, 0, ½) 0 C2/c



Magnetic structures
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The distribution of the magnetic moments 
over the nuclear structure can be 
described by a modulation wave:
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More 
information
jana.fzu.cz





Jana cookbook cumulates workshop examples



Institute of Physics, Prague 6, Cukrovarnická street



Still freeware …. 
(the driving force are citations)

Jana2006 is continuously supported by Academy of 
Sciences of the Czech Republic and (occasionally) by 
(unpredictable) Grant agency of the CR



YPO - Y(PO3)3

Example for solution of simple modulated structure

janainst.msi   (Jana2006 from 14th September or later)

Diamond installation

Diamond licence valid before17 October

Printed cookbook


