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Disclaimer and copyright notice!

Copyright 2010 Gervais Chapuis for this compilation. !

This compilation is the collection of sheets of a presentation at the 
“International School on Aperiodic Crystals,“ 26 September – 2 October 
2010 in Carqueiranne, France. Reproduction or redistribution of this 
compilation or parts of it are not allowed. !

This compilation may contain copyrighted material. The compilation may 
not contain complete references to sources of materials used in it. It is 
the responsibility of the reader to provide proper citations, if he or she 
refers to material in this compilation. !
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Incommensurately modulated crystals and applications !

Examples of modulated structures !
•! Na2CO3!
•! A member of the scheelite family, KSm(MoO4)2!
•! Extension of the structure type concept exemplified with the 

scheelite structures!
–! Applications: structure property relations!

•! The complex structure of metallic elements!
–! Barium, Rubidium!
–! Gallium II (2.8 GPa)!
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The phases of Na2CO3!

(Du#ek et al., Acta Cryst. 2003!
Arakcheeva et al. Acta Cryst. 2005)!

!!! ""! ##! $ !!!
!$ 757K !$ 628K !$ 170K!

P63/mmc! C2/m! qq vs. T !
C2/m(!0#)0s!

qq = % aa* + & cc*!
(C2/m(%0&)0s)!

P21/n!
a = 5.21Å!
b = 6.47!

a = 9.01!
b = 5.23!
c = 6.34!
" = 96.06°!

a = 8.92!
b = 5.25!
c = 6.05!

" = 101.35°!
qq = (.182,0,.322)!

a = 19.91!
b = 5.23!
c = 17.99!
" = 119.01°!

27/09/10!
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#-Na2CO3. Projection of the reciprocal space along cc*  !

27/09/10!

As is often the case in 
diffraction, the examination 
of the reciprocal space reveal 
the presence of twins or 
domains.!
In the present case, we 
observe the presence of 
three domains.!
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a*

c*

#-Na2CO3. Reconstruction of the reciprocal plane h2l..!!

mqq**!!

5th 
order 

satellite!!

27/09/10!
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#-Na2CO3. The importance of ADP modulations!

27/09/10!

'F map without 
ADP modulation 

for atom O1!

'F map with ADP 
modulation for 

atom O1!

Fo for atom O1!
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Structure description of Na2CO3 (low temperature phase) !

27/09/10!

A graphite-like layer formed by Na3 and CO3 !
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Na2CO3. The role of the mM and mv planes in the incommensurate #-
phase.!

27/09/10!
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Na2CO3. The competing planes!

27/09/10!

 

Na 1!

Na 2!
C!

Na 3!

Mm plane!

Mv plane!
Na 2!

Na 1!Na 3!

C!
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Na2CO3. What can you find in an incommensurate structure ? !

27/09/10!

Analogy of the 
modulation wave and 
the temperature 
dependence in the!
{110}hex family of 
planes. !

Solid lines: interatomic 
contact distances < 
3.1 Å !
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Na2CO3. The phase transition mechanisms!

27/09/10!

The structural 
transformations take!
place in the family of 
atomic planes {110}hex!
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Na2CO3. The phase transition mechanisms!

27/09/10!

Evolution of the Na 
environment in the 
vicinity of the C 
atom. !

The coordination 
number (CN) of the 
C atom is limited to 
the C—Na 
distances < 3.1 Å!



16!
International School 

on 
Aperiodic Crystals

What did we learn from the incommensurate nature of structure ? !

•! The structure of Na2CO3 would be better represented by the chemical 
formula Na(/)Na*/)CO3 indicating the two different natures of the Na 
atoms!

•! The series of phase transitions can be much better understood in 
terms of next of next-next nearest neighbours!

•! Incommensurate structures contain structural details which can be 
found in other temperature modifications. !

•! The incommensurate character of the structure is the direct 
consequence of subtle chemical interactions which can be exploited in 
simulations of modelling.!

27/09/10!
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Incommensurately modulated crystals and applications !

Examples of modulated structures !
•! Na2CO3!
•! A member of the scheelite family, KSm(MoO4)2!
•! Extension of the structure type concept exemplified with the 

scheelite structures!
–! Applications: structure property relations!

•! The complex structure of metallic elements!
–! Barium, Rubidium!
–! Gallium II (2.8 GPa)!

!"#$%#&$'
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The incommensurately modulated structure of a scheelite:"
KSm(MoO4)2 (Arakcheeva et al. 2008) !

XO4!

A’, A’’!

27/09/10!
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Electron diffraction pattern of KSm(MoO4)2!

Satellites in the ab plane!

27/09/10!
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Structure refinement of the modulated structure of KSm(MoO4)2 by 
synchrotron powder diffraction!

27/09/10!

|  Main reflections!
|  Satellite reflections!
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Occupation modulation functions and corresponding displacive 
modulations of Sm and K !

27/09/10!

The modulation 
functions can be 
selected from a pool of 
basic functions 
(harmonics, crenel, saw 
tooth and others. They 
can also be combined.!

Here, the occupation 
function of Sm and K 
results from a 
combination of crenel 
and harmonics.!

+F sections !!



22!
International School 

on 
Aperiodic Crystals

Occupation modulation functions and corresponding displacive 
modulations of Sm and K !

27/09/10!

Here, the occupation 
function of Sm and K 
are modelled with 
harmonics.!
Occupation and +F 
sections shows some 
overlap.!
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Criteria for the selection of the best model !

27/09/10!

The Crenel and the 
harmonic models do 
not perfectly fit. 
There are still some 
residual peaks on 
the lower part of 
the powder 
diffraction diagrams. !
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Criteria for the selection of the best model !

27/09/10!

The vicinity of the A = (K,Sm,) 
position in the structural model 
with randomly distributed K and 
Sm atoms. !

The sections represent electron 
density (top) and residual 
electron density (bottom) maps.!

The model must obviously be 
improved to decrease the 
residual electron density.!

Side question: What can we 
deduce from the shape of the 
three sections ?!
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And the final results…!

Sm[MoO4]!

K[MoO4]!

Additional !
periodicity!
given by the!
vector // q with!
magnitude 1/q!

27/09/10!
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Comparison of the HREM image and corresponding Fourier transform 
with the X-ray model!

27/09/10!

X-ray structure solution!
HREM!
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Incommensurately modulated crystals and applications !

Examples of modulated structures !
•! Na2CO3!
•! A member of the scheelite family, KSm(MoO4)2!
•! Extension of the structure type concept exemplified with the 

scheelite structures!
–! Applications: structure property relations!

•! The complex structure of metallic elements!
–! Barium, Rubidium!
–! Gallium II (2.8 GPa)!
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Extension of superspace for the description of families of compounds !

27/09/10!

The model of superspace 
gives also a very efficient 
method to describe 
families of compounds 
with common building 
blocks (also called 
modular structures).!
We use the property of 
varying the modulation 
vector and the variable t.  !
A single (3+1)D model e.g. can thus generate a multiplicity of 
structures, some commensurate and some incommensurate. We shall 
exploit this property with examples from the family of sheelite 
structures.!
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The scheelite family (A', A'')n-$A[(X ',X '')O4]n-$X"
!(Arakcheeva et al. 2008)  !

CCoommppoouunndd!! SSppaaccee  ggrroouupp;;  !!
iinnddeeppeennddeenntt  aattoommiicc  ssiitteess!!

SSuuppeerrssppaaccee  ggrroouupp::  II22//bb((aabb00))0000  SSSSGG;;  llaattttiiccee  ccoonnssttaannttss  aa  %%  bb  %%  55..55  ÅÅ,,  cc  %%  22aa!!
  ##  %%  9900°°;;  NN  ==  44  iinnddeeppeennddeenntt  aattoommiicc  ssiitteess!!

Modulation vector q = !a* + "b* and!
 t0 for commensurate members!

&A,X parameters of the crenel 
occupation functions!

Incommensurate members!

KNd[MoO4]2! -; 4! q = 0.5779a* - 0.1475b*! &K = &Nd = 1/2!

KSm[MoO4]2! -; 4! q = 0.5688a* - 0.1288b*! Harmonic approximation!

KEu(MoO4)2! -; 4! q = 0.5641a* - 0.1335b*! &K = &Eu = 1/2 !

KLa[MoO4)2]! -; 4! q = 0.3507a* + 0.6222b*! &K = &La = 1/2!

Commensurate members!

RbBi[MoO4]2! P21/a; 12! q = 0a*+1/2b*; t0 = 0! &K = &Nd = 1/2!

K2Th[MoO4]3! A2/a; 10! q = 0a*+2/3b*; t0 = 0! &K = 2/3, &Th = 1/3!

Eu2![WO4]3! A2/a; 9! q = 2/3a*+2/3b*; t0 = 0! &Eu = 2/3, &! = 1/3!

Bi2! [MoO4]3! P21/a; 17! q = 2/3a*+1/3b*; t0 = 0! &Bi = 2/3, &! = 1/3!

La2! [MoO4]3! A2/a; 26! q = 2/3a*+8/9b*; t0 = 0! &La = 2/3, &! = 1/3!

Bi3[(FeO4)(MoO4)2]! A2/a; 10! q = 0a*+2/3b*; t0 = 0! &Mo = 2/3�,&Fe = 1/3 !

Na4Zr[!(MoO4)4]! I41/a; 7! q = 2/5a*+4/5b*; t0 = 0! &Na = &MoO4 = 4/5, &Zr = &! = 1/5 !

Na4Y[Na’(MoO4)4]! I41/a; 8! q = 2/5a*+4/5b*; t0 = 0! &Na= &MoO4 = 4/5, &Y = &Na’ = 1/5 !

27/09/10!
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The occupation functions of various Scheelite!

27/09/10!
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A single superspace model describes the family. Each member is 
characterised by the modulation vector, occupation and modulation 
functions of the independent atoms.  !
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k

q

hh!!

Choice of q-vectors for the 3D members!

q

KNd[MoO4]2!
k

h

La2[MoO4]3!

h

k

q

Bi2[MoO4]3!

h

k

q

Eu2[WO4]3!

k

h
q

k

h
q

h

k

RbBi[MoO4]2! K2Th[MoO4]3! Bi3 [FeO4][MoO4]2! Na4Zr[MoO4]4!

The (3+1)D Scheelite family!

27/09/10!
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One size fits all!!

Illustration of the 
concept with a few 
examples.!

Superspace group:        
I2/b(!"0)00!

Basic structure: 
Scheelite!

Variables:!
qq = !aa* + "bb*!

&  !
occupation functions of            

A and X!

The (A’,A’’)[(X’,X’’)] (3+1)D Scheelite family"

CCoommppoossiittiioonn qq 
OOccccuuppaattiioonn!!
ffuunnccttiioonnss   

KNd[MoO4]2 
Incommensurate 

0.578a* !
- 

0.147b* 

RbBi[MoO4] 0a*+,b* 

K2Th[MoO4]3 0a*+-b* 

Eu2[WO4]3 -a*+-b* 

Bi2[MoO4]3 -a*+&b* 

La2[MoO4]3  -a*+8/9b* 

Bi3[FeO4][MoO4]2 0a*+-b* 

Na4Zr[MoO4]4 
.a*+/b* 

Na4Y[Na(MoO4)4] 

AA’’!! AA’’’’!!
XX!!

XX’’!! XX’’’’!!

27/09/10!
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K2Th[MoO4]3!

t!

Occupation function!

1!0!

1!
KK!! TThh!!

[MoO4] 

qq = 0aa* + -bb*!

SSiimmuullaattiioonn  !!

Projection on the ab-plane!

EExxppeerriimmeennttaall!!

X:!

A:!

27/09/10!
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Bi2[MoO4]3!

t!

Occupation function!

1!0!

1!
BBii!!

q = -a* + &b*!

X:!

A:! Vacancies 
in A!

[MoO4] 

27/09/10!
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Na4Zr[ MoO4]4!

t!

Occupation function!

1!0!

1!
NNaa!!

q = 2/5a* + 4/5b*!

X:!

A:! ZZrr!!

SSiimmuullaattiioonn  !!

PPrroojjeeccttiioonn  oonn  tthhee  aabb--ppllaannee!!

EExxppeerriimmeennttaall!! !

"

#

$

Va
ca

nc
ie

s 
in

 
A!

[MoO4] 

27/09/10!
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The q-vector defines the wave of composition!

27/09/10!
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The q-vector defines the wave of composition!

27/09/10!
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Application of the superspace concept: structure property relations 
(luminescence)"
(A. Arakcheeva, private communication)"

27/09/10!
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Most of the Scheelite structures 
listed in the PDF (ICDD) database 
are average structures. A large 
number of them are 
incommensurately modulated.!

The presence of satellites 
reflections are barely recognisable 
on conventional powder diagrams. 
They are evident from synchrotron 
data.!

The resolution of their structure in 
superspace shed some new light on 
their structure property relation.!
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Some more with structure property relations (luminescence)!

27/09/10!
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Some more with structure property relations (luminescence)!

27/09/10!

!

!

"#$%&

ratio of Eu-Eu cluster pairscomposition
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Superspace and structure-property relations !

•! The superspace concept is particularly efficient in order to reveal fine 
details in complex structures!

•! Neglecting to account for “small” peaks in diffraction patterns or by 
considering them as “impurities” is tantamount to average the 
structure and consequently disregard all fine details of the structure.!

•! The relation between structure and properties has often been 
overseen due to the fact that the superspace character of the 
structures was not recognised.!

27/09/10!
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Incommensurately modulated crystals and applications !

Examples of modulated structures !
•! Na2CO3!
•! A member of the scheelite family, KSm(MoO4)2!
•! Extension of the structure type concept exemplified with the 

scheelite structures!
–! Applications: structure property relations!

•! The complex structure of metallic elements!
–! Barium, Rubidium!
–! Gallium II (2.8 GPa)!
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The structures of metals under high pressure!

27/09/10!

a

a

a

b

b

b

RbIVBaIVβ-Ta

Often exhibit incommensuration by forming structures of the host-
guest type. In particular self-hosting structures in the case of elements. !

12.6<BaIV<45 GPa'
I4/mcm(00#)0000!

17<RbIV<20 GPa!
incommensurate!

Normal pressure'
commensurate!

McMahon et al. 2004!Arakcheeva et al. 2005!
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BaIV exists in two variants, tetragonal (top) and monoclinic (bottom)!

27/09/10!
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G H
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H!G!
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Ba-Ba distances in BaIV!

27/09/10!
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tetragonal Ba-IV monoclinic Ba-IV
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Many more examples of incommensurate structures of metallic elements 
exists!

27/09/10!

b

c

7< TeIII < 11 GPa'
X2/m(0"0)s0, X=(,,,,)!

Hejny et al. 2003!

B
O

C

A

b

c

a

! U < 37 K'
? P2/m11(,"#) ?!

Marmeggi et al. 1982!
van Smaalen et al. 1987!

qq=(,, .176, .182)!
Main modulation along a !
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Structure modulations in metals under high pressure!

27/09/10!
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Gallium II (Degtyareva et al. 2004)!

27/09/10!
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Gallium II (Perez-Mato et al. (2006)!

Analysis of the “complex” structure!
•! four hexagonal layers normal to b.!
•! Two are related by the C centring.!
•! The two independent layers (a) 

and (b) looks very similar.!

Construction of an ideal structure!
•! Smaller cell  caver=c/13 (c).!

Could this structure be interpreted as 
a modulated structure?!

27/09/10!
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Gallium II (Perez-Mato et al. (2006)!

Atomic displacement in relative units!
•! along (a), (b) and (c)!
•! grey and black points are related 

to the two independent layers!
•! fit the same type of modulation!
•! ux(x4) =  Acos2!x4 +Bcos6!x4!
•! uy(x4) =  Asin2!x4!
•! uz(x4) =  Asin4!x4!
•! qq = n/13 cc*aver, best choice with 

n=9 !!
The structure is better described as a 
modulated structure in superspace 
group Fddd(00#)0s0 with 4 
independent parameters (instead of 
38 in the original paper.  !

27/09/10!
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Questions!
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